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ABSTRACT.  The purpose of this paper is to characterize paracompact

p-spaces in terms of spaces with refining sequences mod k.   A space  X has a

refining sequence mod k if there exists a sequence  tg  | n e N\ of open cov-

ers for X such that ■"•"".Sti^g) = Pc is compact for each compact subset

C of X and [St (C, g ""| n e n\ is a neighborhood base for P¿.  If P¿ = C

for each compact subset  C of X then  X is metrizable.  On the other hand if

we restrict the set  C to the family of finite subsets of X in the above defini-

tion then we have a characterization for strict p-spaces.   Moreover, in this case,

if Pf~ = C for all such sets then  X is developable.   Thus the concept of a

refining sequence mod k is natural and it is helpful in understanding para-

compact p-spaces.

1.  Introduction.   In 1963 Arhangel'skii (see [2] and [4]) introduced the con-

cept of a p-space.   He defined a completely regular space X to be a p-space  if

there exists a sequence (H \ n e N\ of open collections in the Stone-Cech com-

pactification of X such that H    covers X for each n e N and such that, for each

x e X, fi00 , St(x, K ) C X where  Six, K ) = U W | x e H and H e H j.  A
n — i n    — n ' n

sequence }K   \ n e N\ of open collections in the Stone-Cech compactification of

X is called a p-sequence if it satisfies the above conditions.   Arhangel'skn

characterized the class of perfect preimages of metric spaces to be the class of

paracompact p-spaces which answered a question of Aleksandrov in [lj.

There is another class of spaces that is related to the class of p-spaces under

certain restrictions and that is the class of M-space.   Morita [9] introduced the

concept of an M-space in 1964.   A topological space is an M-space if there exists

a normal sequence {11. \ i e N] of open covers of X satisfying the condition (M):
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If  \K.\i e N\   is a sequence of nonempty subsets of X such that

K. + 1 Ç K.,  Kj Ç St(x0li¿) for each i e N and for some fixed point

00

x0 e X, then   f) KT 4 0.
i'=l

A sequence of covers {ll. | i e N] is a normal sequence if and only if II.  ,  star

refines ll. for each », that is, for each U e ll.  ,  there exists V e ll. such that

St (U, ll-.j) Ç V.   Morita proved in [10] that the class of quasi perfect preimages

of metric spaces is precisely the class of M-spaces.  A map / from a space X onto

a space Y is quasi perfect if and only if it is closed continuous map such that

/" (y) is countably compact for each y e Y.   Thus a relationship between M-spaces

and p-spaces is established.

1.1 Theorem.   // X is a completely regular metacompact space then X is

an fA-space if and only if it is a paracompact p-space.

There is yet another approach to the concept of a paracompact p-space and it

involves a property related to the concept of a development for a space.  It is

well known that a topological space X is developable if and only if there exists

a sequence i§   | n e N\ of open covers of X such that for each open set U in

X and for each x e U there exists n e N such that St (x, § ) =UlG e § | x e G\ C U.
n n ' —

The sequence {§   | n e N\ of open covers of X   is called a development

for X.   If the concept of a development is strengthened by replacing the point x

in the definition with a compact set C one obtains Arhangel skiFs definition in

[3] of a ¿-refining sequence, that is, a sequence of open covers {§   | n e N\ is

said to be a k-refining sequence if and only if for each compact set C contained

in X and each open subset U of X containing C, there exists n e N such that

St(C, § ) C U.  Arhangel'skii proved in [3] that spaces with this property are

metrizable, that is:

1.2 Theorem.  A regular topological space is metrizable if and only if it has

a k-refining sequence.

A concept is now introduced which is a natural generalization of the concept

of a ¿-refining sequence and which will characterize paracompact p-spaces.

1.3 Definition^2) A topological space X is said to have a refining sequence

(2) For T2 spaces it suffices to assume that [St (C, § )| n e N\ is a neighborhood base

for Pc.   Therefore in view of Lemma 2.1 we have that ¡§ | n e N\ is a refining sequence

mod k iff {St(C, S )| n e N\   is a Ä-sequence for each compact subset  C of X.   The

definition of ¿-sequence is given by E. Michael in A quintuple quotient quest, General

Topology and Appl. 2 (1972), 91-138.
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mod k if and only if there exists a sequence {§n | « e N\ of open covers such

that for each compact subset C of X the following hold:

(a) n~=1 St (C, §n) = Plc is compact.

(b) The collection   ÍSt(C), §n)~ \ n e N] is neighborhood base for P¿.

The term refining sequence mod k seems to be appropriate in light of the

foregoing discussion and in view of the main result in this paper.

1.3 Theorem.  A Hausdorff topological space X is a paracompact p-space if

and only if it has a refining sequence mod k.

Thus it is established that the class of perfect preimages of metric spaces,

the class of metacompact M-spaces, the class of paracompact p-spaces and the

class of spaces with refining sequences mod k ate all the same.  Moreover, be-

cause of the correlation between Theorems 1.2 and 1.3 the position in which para-

compact p-spaces lie is a little more apparent.

In §2 the basic properties of spaces with refining sequences mod k ate

studied, and the other three sections depend on this section.    In addition §4

depends on the results in § 3 and § 5 depends on both §§ 3 and 4.  However, if one

wants to assume the results in §3 to be true, §4 can be read without reading §3.

Similarly §5 can be read without reading §§3 and 4.

Throughout this paper it will be assumed that all spaces are Hausdorff.  The

letter N will denote the set of natural numbers and ßX will denote the Stone-Cech

compactification of a completely regular space X.   If A is a subset of X then

A" will denote the closure of A in X and AZX will denote the closure of A in

ßX in those cases where ßX is involved.  A base for the neighborhood system of

the set A is defined to be any collection of open sets with the property that if

V is an open set containing A, then there exists U e U with A C U C V.   If X

is a topological space with a refining sequence {§   \ n e N\ mod k then for any

compact subset C Ç X let P¿ = D~al St (C, §n), and by induction let P*+1 =

n~al St (P*., §n).  In case C = \x\ fot some x e X let P^j = P* for each k e N.

An attempt has been made to use standard notation and terminology.  The

principal reference used in this connection is [8].

2.  General properties of spaces with refining sequence mod k.   The properties

developed in this section are basic to the study of spaces with refining sequences

mod k.   The notation and terminology introduced here will be used throughout the

rest of this paper.

2.1 Lemma.  If X is a space with a refining sequence {§  \ n e N\ mod k

then there exists a refining sequence jH   \ n e N\ mod k for X such that H    ,

refines K   for each n e N.
n '
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Proof.   LetHj-gp H2 = §1 O g2, K} = g, O g2 n.§3, ..., H, =

D"=i §.» ••• •   We show that ¡K   \ n e N\ is the desired sequence.   Clearly K     ,

refines JÍ    for each n.   Let C be a compact subset of X and let x e Pc where Pi =

n~=i St (C, §n); then x e St (C, §n) for each n e N.  Thus fl"=1 St (x, g.) nC 4 0;

for if il"_j St (x, g;) nC = 0   then C\°°_ ¡ St (x, g¿)~ nC=0  and thus there is

k e N such that D*=1 St (x, g.)- n C = 0.  Clearly f|*=1 St (x, g.) DP* and is

an open set.   So there exists n e N such that P1 C St (x, g ) C f)ksl St (x, g);

but
k k

0 4St(x, g ) n ce fi St(x, g) n cç fi St(x, g.)~ n c,
»=1 2=1

a contradiction.   Let y e M ■_ j St (x, g.) D C.   Then for each i < k there is

Gf € g¿ such that x and y e G..   So x and y e fl^ G; e K^, that is

St (x, Kk) nC 4 0  for any k e N.   So x e St (C, H¿) for each k e N or x e

'•fe-1 ^c ^' ^*^ anc^ " f01l°ws that Pc Ç n^_j St (C, Kfc).  Clearly

OO 30

n st(c.K.)ç.n st(c g) = p¿.
fc = l 22 = 1

So P3-=n°° , St(C, H ).   Since

p¿ çst(c, K„) ç st(c. Kn)- cst(c, gn)~

it follows that ¡St (C, H )~ | n e N\ is a neighborhood base for P(~ and thus that

(K   | n e N\ is a refining sequence mod /i for X.

From now on we will assume that a refining sequence ¡g   \ n e N\ mod A has

the property that g     .  refines g    Jfor each n e N.

2.2 Lemma.   // X is a space with a refining sequence mod k then X is a

regular space.

Proof.   Let Ig   | n e N\ be a refining sequence mod k for X; let x e X and

let B be a closed set such that x i B.   Recall that P x = il™_i St (x, g ) is

compact.  So there exist disjoint open sets U and V such that x e U, V D B n

Px since X is T2.  Also there exists n e N such that St (x, gn)~ D B - V = 0

since P   C X — (B - V) and X - (B - V) is an open set.   Let G be any member

of g    such that x e G and let 0 = G (~\U.   Now 0 is an open neighborhood of

x and 0" Ç St (x, g )" H l/~.  So 0~ n B = 0 and thus X is regular.

2.3 Lemma.  Le/ X be a topological space with a refining sequence

jg   | n e N\ mod k and let C be any compact subset of X.   // jx   | b e iVj is a

sequence of points in X such that x   e St (C, g ) for each n e N, then

{x   | n e N] uP¿ is compact.   Moreover every cluster point of the sequence

{x   \ n e N\ is in PÍ.
ft  ' I*



A CHARACTERIZATION OF PARACOMPACT p-SPACES 253

Proof.   Suppose A C \x   \ n e N\ UPC and that A has no limit .points.  Then

A D Pi is a finite set since Pc is compact.  Also A - Pc is closed since A

has no limit points.  Thus X - (A - Pc) is an open set in X containing Pc and

so there exists n e N such that St (C, § ) C X - (A - PÍ.).   Thus

A - P¿ Ç X - St(C, gn) Ç X- \xk\k > 72, A e Ai|.

So A - P¿ C {x^ | k < n\ and hence A is a finite set.  Therefore {xfc | k e N\ U P¿

is compact.

If x is a cluster point of fx. | k e N\ then x e [St (C, § )]" for each >2.

Thus x e M~ai [St (C, gn)]~ = Pc and this completes the proof.

2.4 Lemma.  Let X be a topological space with a refining sequence jg |n eN\ mod k,

let C be a compact subset of X and let \x \ n e N\ be a sequence in X such

that xn e St (C, gn) for each n e N.   If yke St ({*. |ieN,¡> *|~, gfc) for

each k e N then (¡y, | k e N))~ is compact and every cluster point of the

sequence \y, \ k e N\ is in   \J\P   \ x is a cluster point of \x   \ n e N}\.

The proof of the above lemma is similar to the proof of Lemma 2.3 and is

omitted.

2.5 Lemma.   Ler jg   \ n e N\ be a refining sequence mod k for X and let

C be a compact subset of X.   Then Pc = (J \P   \ z e C\.

Proof.   For each 72,

St(C. §n) = (JIG e gjG n C4 0! = U ÍStU g„)|* e Ci D U t*]l« « Cfc

Thus Plr D[Pi\ z e C\.

Conversely, suppose x e Pc then for each n e N there exists x    e C such

that x e St (x , g ).   Thus x   e St (x, g ) for each n e N and thus [x   | 72 e N}
n      n n n n

has a cluster point y in P .   Now recall that x   e C for each n; so y £ C

Moreover it y e Px it follows that x e P1 and so x e (J \P\ \ z e C\.  Thus

P¿-U.P]|*eC|.
Recall that in the introduction we let P   = 0°° i St (x, g ), P2 =

X 77=1 "71  '        X

f|~=1 St (P¿, gn) and so on.   It follows from Lemma 2.5 that  P* =

U |P * | w e Pk~11 for k > 2.  Thus for each A > 2 z e P* if and only if there
— i „r

exists a finite sequence zn, Zj, •••, z,   such that z. = x, Zj e P    , z- € P    ,

• • «, z, £ P and z, = z.
* Xjfe— 1 *

2.6 Lemma.  For each x e X let P*- f|"=1 p". T*cn 1^1 x e X| partition X.

Proof.  Suppose x, y e X and P^nP"4 0. Let z e P"r\Pa. Then z e P*,
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and z e Pm for some A and m e N.   Now Pm+1 = IJÍP1 I w e Pm\.  So

pi ç pmHt   P2zÇP"*2,...,pizÇ p«+«, ...,   Tf „, e p^ then w g p« for some

n e N and there exist uvn, •. •, w    such that w. .  £ P   . for i = 0, 1, 2, • • •,

b - 1 where wQ = x and t*   = u/.   Also there exist zQ, zv ..., zfe such that

*.., e P_   for i = 0, 1, 2, •• •, b where   z = z    and x = z».  Hence it follows2 + 1 Zj www, q y

that w e Pz+k Ç P"+»+* ç P£ Thus  PXÇ P%.   By a similar argument it

can be shown that P£> Ç P» an(j tnus tne iemma follows.

Let T be the first ordinal number whose cardinal number equals

<„ in X such that .
a. x„ r    x.

card ({Pû>\ x e X|). To each <xe Y assign an element x0 in X such that Pa   4 Pa
ß

whenever a 4 ß.   To simplify notation we let  P    = P™    and P*  = Pk   for
xa a

k e N throughout the remaining part of this paper.

2.7 Lemma.   // ¡g   \ n e N\ is a refining sequence mod k for X,  then for

each x e X and each n e N there is a neighborhood U of x such that P   C

St(x, g ) for each z £ (/ DP1.^72     ' X

Proof.   Suppose the lemma is false; then for each neighborhood U oí x there

exists z„ e U np1 such that P1    - St (x, g ) 4 0 for some fixed n e N.   Let
" X XI] ,2

y y £ P      - St (x, g ); then jy„ | f is a neighborhood of x¡ is a net contained

in  \J{Plz\ z e Plx\.   By Lemma 2.5
oo

\J{Pl\zePlx\=P2x= fi  St(P¿g„).
n = l

Thus the net {y y | U is a neighborhood of x¡ has a cluster point y in P    since

P    is compact and so there is a subnet iy,7   | a e D} of {yu \ U is a neighbor-

hood of xj which converges to y.   Since Zy e U for each neighborhood of x it

follows that {zy \U is a neighborhood of x| converges to x and thus its subnet

{zy   | a £ D | converges to x.

a0bserve that x 4 P1: If x £ P1 then y£P] and thus St (x, gj is a

neighborhood of y.  So there exists a £ D such that y y   £ St (x, %) contrary

to the assumption that y y    £ P^     - St (x, gn).
, a U a

Recall that P    is compact; thus

fï   ({zy \a > ß\)~ O pl = {xj nP' = 0

implies there exists j8j, ß2, •••, ßk for which D¿=1 Uz ' | a> j8¿, a £ D\)~

D P1 = 0.   Let jß £ D such that ß>ß- for each i = 1, 2, .... , k; then

ib

D ({*", |a > /3f, a £ D!) D [zy |a > /S, a £ 0}
iml a a

and so (<zy   | a > /3, a £ £>!)" n P1 = 0.  Hence there exists j e N such that
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St (y, g.) C X - (fz..  \ a > ß, ae DT, that is St (y, g.) n (<*„ \ a>ß, ae D\)~ = 0.
'a 'a

But {zy   I a > ß, a e D] Ç Px by construction.  So \z(]   \ a > ß, a e D\~ ¡s a

compact subset of P .   Moreover

PI StUizy |a>/3, ae Df)", gfc) = UlP^u- e (.*,, |a>/8, ae Dl)-j
* = i

2 (U.P      |a >j8, a e D|)   D (ly,    |a > )8, a e Z>!)" 2 W-

Thus y e St (({z.,   | a > ß, a e Dl)~, g), a contradiction.  Thus our original

assumption must be false and the conclusion of the lemma follows.

2.8 Lemma.  // {g   | n e N} is a refining sequence mod k for X and if

g   = ¡St (x, g )| x e X\ for each n e N,  then {g   \ n e N\ is a refining sequence

mod k and moreover M °°_, St (C, g )~ = Pc for each compact subset C of X.

Proof.   Recall that P2- = U<P]| * € C\.   Clearly

St(C, g2) = U ÍSt(z. g„)|St(z. gB) n C4 01 = U iSt(z, gn)|z e St(C. §„)!

D U |P]|« e P¿1 = Pc   for each n

and so 0°° , St (C, g2)~ 3 P2. We now show that ÍT , St (C, g2)" C P2. Let

z e M^j St (C, g )~ and let Í/ be an arbitrary closed neighborhood of z. Since

z e St (C, g2)- it follows that St (C, g2) O U 4 0 fot each 72 e A/: let z   e
It ft 71

St (C> g„) ° ü-   So there exists x^ e X such that z^ e St (x^, gn) and

St(x ,§ )HC 4 0.   Thus x   e St (C, g ) for each 72 and thus {x   \n e N] uPl
n      n n n n ' »-

is compact by Lemma 2.3; moreover every cluster point of }xn | 72 e A/j is in Pc.

Thus by Lemma 2.4 ¡z, \ k e N] has a cluster point w in fi  _i St (Pc> g ) = Pc.

Clearly w e U since Í/ is closed and U D{z,\ k e N\ and hence z e Pc since

1/ was an arbitrary closed neighborhood of z.  Thus

n st(c.§^)-çp2çn st(c, g„2)
n = l 71 = 1

and so it follows that

ñ st(c g2)- = p2 = ñ st(c.g2).
71 = 1 71 = 1

It remains to show that {St (C, g )~ \ n e N\ is a base for the neighborhood
2 . 2

system of Pc.   Since Pc is compact and X is regular it suffices to show that

[St (C, gn)| n e N\ is a base for the neighborhood system of P2-.   Let U be an

open neighborhood of P2-.   If St (C, g2) % U fot any 72 e N then there exists

zn e St (C, gn) — U fot each n e N.   It can be shown in precisely the same way
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as was done above that the sequence ¡z   \ n e N\ has a cluster point in Pi.

contrary to the assumption that z   4 U tot any n £ N.   So there must exist « £ N

such that St (C, g ) C U and this completes the proof of the lemma.

Finally we prove a result which is fundamental in proof that a space with a

refining sequence mod k is normal and in the proof that it is paracompact.

2.9 Lemma.  // X is a space with a refining sequence {g   \ n e N] mod k

and if j) is a closed discrete collection in X, then ¡or each x e X and k € N

there exist n(x, k) e N and a finite subset jXx, k) of 3) such that

St <Px' §„<*.*>> " St <**• §„(*.*)> = 0 "h™ Ex = U ID ID e !D - SU, fc)|.

Proof.   Suppose the lemma is false.   Then for some x e X and some k e N

there exists a sequence |D   | b £ N| C 2) such that D . 4 D. fot i 4 j and

St (P*,gy) n St (Dy, gy) ̂  0. Let xy £ St (P* gy)n St (D., gy)j then by Lemma 2.3 C =

|x. | / £ N\ U P*+1 is compact where P*+1 = f|"=i St (P*, g).  Moreover

St (C, Q.)nD.4 0 for any / £ N.   Let z. £ D. n St (C, g.); then by Lemma 2.3

|z. | ; £ N\ u P¿ is compact where P¿ = D~=i St (C, gn).   Hence jz. | ; £ N}

has a cluster point; but z. e D., z. 4 D. lot i 4 j and |D.| ; £ /V| is discrete,

a contradiction.  Thus the conclusion of the lemma follows.

3.   A space with a refining sequence of covers mod k is subparacompact.

In [6] Burke gives a number of equivalent conditions each of which characterizes

subparacompactness.   In the present situation only the characterization in terms

of a-discrete refinements is needed.

3.1 Definition.   A space X is subparacompact if and only if every open cover

for X has a c-discrete closed refinement.

The following proposition gives a condition which is fairly obviously equiva-

lent to Definition 2.1 and the proof is omitted.

3.2 Proposition.   Let X be a regular topological space.   For any open cover

ll of X let ll* be the collection of all countable unions of members of U.   TèeB

X is subparacompact if and only if ll* has a closed a-discrete refinement for an

arbitrary open cover U of X.

3.3 Theorem.   Every T2 topological space with a refining sequence mod k

is subparacompact.

Proof.   Let X be a topological space with a refining sequence {§n \n e N\ mod k.

For each n. k e N and each x e X let Vk(x) = X - UlSt (y, gfc)| x 4 St (y, gn)l

and let V (x) = (JT i V'*W.   Observe:

(1) V (x) C St (x, g ) for each x e X and each » £ N.
71 — ft t

Proof.   Let z e V (x) then there exists L eN such that z e V^ (x) and
n u w
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thus z 4 St (y, g,   ) whenever x 4 St (y, gn).   Clearly z e St (z, gfe ); thus

x £ St (z, g ) and z e St (x, g ).  Hence V Ax) C St (x, g ).
n n n      — n

(2) The set V (x) is an open neighborhood of x for each 72.

Proof.  Clearly x e V (x) fot each n e N.   Let z e V (x); then there exists
L  n n

/feg e Ai such that z e V    (x).   By Lemma 2.7 there exists a neighborhood U of z

such that if w e U n Pz, then PXw C St (z, gfc ).  Since X is regular we may

choose U to be a closed neighborhood of z.  Suppose

ze(UíSt(y,gfc)|x¿St(y,gn)|)-

for each k e N.   Then we may choose a point

zt e U n St(z, gfc) n (ij ISt(y. gt)|x e/St(y. g„)})

for each k e N.   Thus there is y, e X such that zfc e St (yfe, g^) and

x 4 St (y., g ) for each k e N.   Now z. e St (z, gfc) and y, e

St ([{z¿ | 2 e A/, 2 > k\]~, g, ) for each k e N.   Hence by the first part of Lemma

2.4 (\yk | k e N\)~ is compact.    Let y be a cluster point of {yk \ k e N\ then by

the second part of Lemma 2.4 y is in P     where w is a cluster point of

jz.| i e N\.   By Lemma 2.3 w e P    and because z. e U fot each i and Í/ is

closed, w e U.   Hence it follows that y e P    C St (z, (j    ) by the choice of U.
IV  — kQ

Thus there is k e N such that y.   e St (z, g,  ) since y is a cluster point of

\yk\ke N\.  Recall that x 4 St (yk, guarid that z e V*°(x); thus z 4 St(yfc, §fc )

and hence yk 4 St (z, g,  ), a contradiction.  Hence there exists k e N such

that z i' (IJ fSt (y,§k)\x 4 St (y, gn)))~ and so

z e X- ((J {St(y, gfc)|x y/St(y. gn)|)_ Ç V*(x) CV(x).

Thus it follows that V (x) is an open set.

Let < be a well order relation on X and let Vk(x)*= Vk(x) - \J{V (y)| y <x}.
71 71 7IV     ' -

If C* = [V*(x)*| x e X| then it is clear that Ö* is a disjoint collection of closed sets71 71 l 77 '

such that Ur i C    covers X   for each n e N.   We show that C    is closure
AS= 1        71 71

preserving and hence discrete for each k and 77 e Ai.   Let A C X and suppose

x € (UiV*(y)*| y e A|)_.   Since P¿ is compact and St (x, gfe) D Px there are

Gj, .. •, G   e gfc such that x £ G, for t - 1, 2,... ,p and (Jf-i G. 2 P1.   In

addition there is /> A such that St (x, g.) C Uf3i Cj-  Let w be the first

element in X such that x  e V (w).  Then for each y e A, y <w there exists
71 ' *

z(y) e X such that x e St (z(y), g.) and y s' St (z(y), g^).  In particular note

that z(y) e St (x, g.) and thus z(y) e G. fot some 2 = 1, 2, ..., p and for each

y e A where y < w.   Let W. =(UlV*(v)*| ye^ y <*» and z(y) e G^)- for

« - 1, 2,..., p.  Let W0 = ((J ÍV*(y")*| y e A and y > w\)~.  Then
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(U ÍV*(y)*|y e Al)" ç I(J W.j u Vk(w)*.

Thus x £ W. for some i = 0, 1, 2, ..., p or x £ Vk(w)* and w e A.   Clearly

x 4 WQ since x is in the open set V (w) and V„(w) n(UiVfe(y)*| y> w\) = 0.

If x £ Wi for some i = 1, 2, • • •, p, then G¿ n (IJ iV*(y)*| y e A, y <w, and

z(y) £ G A) 4 0 since x £ G..   Let z e G.n (\J {Vk(y)*\ y e A,y<w and

z(y) e G.\).  Then there is y £ A, y <w such that z £ V*(y)* and z(y) eG..

Moreover z £ G^ so z £ St (z(y), gfc); but recall y ^ St (z(y), g ).  Thus

z ^ V*(y)*, a contradiciton.  So x ^ W. for i = 0, 1, 2, ..., p.  Hence x £ V*(u/)*

and w e A; therefore (U ÍV*(y)*| y £ A¡)~ = UiV*(v)*| y e A\ and hence

C    is discrete.
n

Finally let U be any open cover for X and let ll   be the set of all countable

unions of members of U.   Then for each x £ X there is U   e U   such that

P   Ç ll   since P    is compact.   By Lemma 2.8 there is n e N such that  St (x, g )

= U ISt (y, §„)\x e St (y, §„)} C Í7*.   Now there is k e N and y £ X such that

x £ Vk(y)*; but Vk(y)* Ç St (y, gn) and St (y, gß) Ç U* since x £ St (y, gn).

Thus x £ V*(y)*Ç(7*.  It follows that U*°-l LC-l ^»^ is a closed discrete

refinement of ll* where U*(H) = jV*(y)* £'C*| V*(y)* C (7* for some Ü* £ ll* for

each k and n e N\.  Hence by Proposition 3.2 X is subparacompact.

4.   A space with a refining sequence mod k is normal.   In the proof that a

space with a refining sequence mod k is normal the fact that such a space is sub-

paracompact is needed and in addition the proof relies heavily on Lemma 2.9 and

the following lemma.

4.1 Lemma.   Let A and B be a closed disjoint subsets of X.   Then there

exists an open cover ll for X such that if U e U and U  n A 4 0 tben U~ O B

or if U r\B 4 0 then U~ n A = 0.

Proof.   For each x e A there exist open  sets U    and U(B) such that

x £ Ux, B C U(B) and 17   H (7(B) = 0.  Similarly for each x £ B there exist open

sets Ux and U(A) such that x e Ux, AC U(A) and Ux n (7(A) = 0.  Let

U=i(7jx £ A U Bl U {X-A D X-Bj.

If Ux £ U such that UxCi A 40   then x e A  and clearly (7~ O B = 0.   Similarly

if U   OB 40 then x £ B  and I7~ O A = 0.   Thus U is the desired open cover.

4.2 Theorem.  A T2 space X with a refining sequence mod k is normal.



A CHARACTERIZATION OF PARACOMPACT p-SPACES 259

Proof. Let A and B be disjoint closed subsets of X and let 11 be an open

cover for X satisfying Lemma 4.1 relative to A and B. Since X is subparacom-

pact there exists a cr-discrete closed refinement 3) = U°° i 3)    for U.

Let 72 be a fixed natural number and let A   = A n (l) <D | D e D  ¡).   For
71 ■ —^ ' 77

each D e 3)    let U(D) e 11 such that D C U(D).   By Lemmas 2.8 and 2.9 for each
71 — '

x e X there exist  72     and a finite subset 3X«. x) of 3)    such that St (x, g    ) f~>

St (Ex, g2 ) = 0  where Enx = U {D | D e î>n - %t, x)\.  If x e B let

W   = St(x, g   ) - (U MOID e 3X», x) and D n A ̂  0iV.

By Lemma 4.1  U(D)~ C\ B = 0  for any D e 3)    such that D n A 4 0.   Thus

(U lt/(D) I D e 3)(t2. x) and D D A 4 0\)~ D B = 0  since 3)(t2, x) is a finite set

and so W    is an open neighborhood of x.   Let W, = {J{W   | x e B and 72   = /fej.

Clearly W,   is an open set and UT-1 ^1 2 ^*   Moreover W~ n A   =0   for any

k e N.   For suppose z e W7 n A ; then there exists D   e 3)    such that z e £> .
41 k n z n z

Let Cegt such that z e G; then G n (7(Dz) 0*^0 since z e W~.   Let

y e G C\ U(Dz) n W, ; then there exists x e B such that n   = k and y e W   C

St (x, gn ).   Hence it follows that z e St (x, gn ).  So D   e 3X«, x) since

St (x, pX) n St (D, g2 ) = 0 if D e 3)   - 3Xt2, x) and hence W  C X- U(D ).  But

y e f(Dz) n W , a contradiction.   Thus it follows that for any k e N, W^ n ^„=0-

Now if x e A    let U   = St (x, g    ) n Í7(D ) where D   e 3)    such that x e D .
71 x "x x x n x

Let U(m, 72) = Uí^   I x e A    and 72   =772!; clearly U(m, n) is an open set and

U°°_i U(m> n) 2 A .   Moreover U(m, n)~ C\ B = 0  fot any m e N.   For suppose

z e l/(m, 72)" D B; then there exists G e g     such that z-e G and G O (7(772, 72)
772

4 0; let y e G O (7(772, 72).   Then there exists x e A    such that n   =m and

y e U   C St (x, g    ).   Thus it follows that z e St (x, g2 ).   Note that if
x — nx nx

s e U{m, n) - (\J\U(D)\Ù n A 4 0 and D e 3X«. x)}Y

then there exist  ia> e A    and D     e 3)    such that 72    = 772, w e D    n A and
71 w n w w

s e U   = St (w, g    ) O Í7(D   ).   Thus since s e Í7(D   ) and s 4 U M^) I D n

A ^ 0   and D e 3Xn. x)! it follows that Dw 4 3)(«, x).   So

U(m, n) - fU W(D)\D n A ¿ 0 and D e SX». *)})"

Ç (/(m, 72) - U \U(D)\D O A ¿ 0 and D e 3X«, x)!

= U 1^1 w e An and «^ - m\ - \J\U(D)\D n A 4 0 and D e 3X«. x)j

C UiSt(tf, g    )|w e D O A. D e 3)  - 3X«, x) and 72   =72   =772}
—    ^^ ^71        ' W W X

W

Ç UlSt(D, g2 )\D e \ -3X72, x)\ = St(£"  g2 ).
X X
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Now recall that St (x, g2  ) O St (En, g2 ) = 0  and that
nx x      nx

(\J{U(D)\D r\ A 4 0   and    D e 2)(b, x)¡)" n B = 0.

So that

Oz = St(x, g2 ) n (X - (lJ{iXD)|D n^0    and £> £ ®(b, x)|)-)

is an open neighborhood of z and 0^ D (/(m, b) = 0, contradicting the assumption

that z e (7(222, b)~ O B.  Hence (7(222, b)"o B = 0 for any m e N,   Finally for the

fixed natural number n let

U_ u
2)2 = 1

(/U b)-    U w.
\ tml       i

and    W   = (J
»22 = 1

wm-   U tX«. «)
\2=1 ,

Since Wi n^ = 0  and U(i, n)~ C\ B = 0  for each i £ N,  it follows that

Un D An, Wn D B and Un D W^ = 0.  So in particular (7~ n B = 0.

Thus since b was an arbitrary member of N, it follows that we can construct

a sequence {Un \ n e N j of open sets such that (7   3^    and U~ n B = 0 for

any n e N.

By a dual argument we can construct a sequence ¡V   | n e N\ of open sets

such that V   DB   = B n ((J {D I D £ 2) |) and V~ n A = 0  for each n e N.

Thus if we let

then (7 and V are open sets such that Í7 D A, V 2 B and U O V = 0.   It follows

that X is a normal topological space.

5. The Proof of Theorem 1.3. Having established that a T2 space X with a

refining sequence mod k is normal it is clear that X is a p-space. More precisely

we have

5.1 Lemma.   // X is a T, space then the following are equivalent:

(a) X has a refining sequence mod k.

(b) X is a normal space with a p-sequence {K   \ n e N\ in ßX such that

l)00.! St (C, K )Z „ = PI00,! St (C, K ) C X for each compact subset C of X.

The proof of this lemma is straightforward and is omitted.

In §2 we defined T to be the first ordinal number whose cardinal number is

the cardinal number of \Ptù\ x £ Xj and for each a £ T we assigned as element

x„ in X such that xrt 4 P0}o if a 4 ß-  We also defined P\ = Pk    for each

k £ N and Pa = P" •  This terminology will be used below.
a
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If 3) is a discrete set in a space with a refining sequence (g   \ n e N\ mod k

then by Lemma 2.9 there exists 72(a, k) e N and a finite subset 3)(a, k) of 3)

such that St (P* , gn(a fe)) O St (£*, gn(a fe)) = 0 for each ae F and each

jfceN.   Recall that E* = U ¡D | D e 3)- 3Xa, A)|. Let T(k, j) = {a e T| 72(a, /fe) . ;}

and let B(A, /'. D) = UiP* n D I a e HA, /')} for each D e 3).  We then have:

5.2 Lemma.   // X is a T, space with a refining sequence   mod k and 3) is

a closed discrete collection of subsets of X, then there exists a a-discrete col-

lection U = UT-l U~_i C(/fe, /) of open subsets of X with the property that for

each B(k, j, D) (as defined above) there is V(k, j, D) e C(A, /) such that

B(k, j, D) Ç V(k, j, D).

Proof.   Let Y(k, j) be defined as above and let aQ be the first member of

T(k, j).  Since 3)(a0, k) is a finite collection of disjoint closed sets and X is

normal by Theorem 4.2, there exist open sets 0(D) fot each D e 3)(a0, k) such

that D Ç 0(D) and 0(D) n 0(D*) = 0 whenever D*4 D, D* and D e 3Xa0, A).

Assume for ß > aQ, ß e T(k, j) that 0(D) has been defined for each D e 3)(a, A)

where a e T(A, /) and a<ß. If 3X/3, A) -\J\D' \ D' e 3)(a, A), a e HA,; ) and

a < ß\ = 0  then there is no problem.   If this set is not empty let D be any mem-

ber of it and let 0(D) be an open set such that

(a) 0(D) 2D,

(b) 0(D)- n (\J\D*\ D* e D(a, A), a e T(A. ;) and a < ß\) = 0,

(c) 0(D) n 0(D*) = 0  if D*4 D and D* e SX/3, A) - UU>' | D' e T(a, A),

a e HA, ;') and a < ß}.

By induction on the well ordering of r(A, ;') we define an open set 0(D)

satisfying (a), (b), and (c) above for each D e 3)(a, A) and each a e r(A, ;').

Let a e T(A, ;'); let at be the first member of T(A, ;') such that 3)(a, A) n

3)(aj, k) 4 0 and let 3)(a, A) O 3)(aj, A) = 3)j(a, A).   Let a2 be the first member

of HA, ;) such that [3Xa, A) -3Kav A)] n 3)(a2, A) ̂  0 and let 3)2(a, A) =

[2Xa, A) - 3)(aj, A)] n 3)(a2, A).   Continue this process until 3)(a, A) -

U"„i 3)¿(a, A) = 0.   Note that this process must terminate after a finite number of

steps since 3)(a, A) is finite and note that a1 < a2< ... < a .   For each i and

each D e 3)Xa, k) let

0(D, a) = ¡0(D) - fU «OÍDOID' e iDja, A) and 772 > ¿i)"] n St(P¿ O D, g.).

Note that if 772 > 2 then a   > a. and thus 0(D')~ O D e 3)  (a, A) = 0 by condi-
771 1 771 ^

tion (b) above.   Thus

(UKXDOID' e 3)m(a, A), 772 > ¿i)" O D

= \J\0(D')-\D' e fDm(a, A), m>:i|nD- 0
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and so 0(D, a) 2 St (P* n D, g.) O D.   For each D £ 3), let W(A. /, D) =

U {0{D, a) | a £ T(k, j) and p\f\D 4 0\ if there is some a e T(k, j) such that

PkanD40 and let W(k, j, D) = 0 otherwise.  Note that WU, ;, D) C 0(D) since

0(D, a) Ç 0(D) fot each a e T(k, j).

We show that B(k, j, D)~ Ç W(k, j. D): Let z e B(k, j. D)~; then z £

St (B(k, j, D), g.) for otherwise St (z, g.) nSU, /, D) = 0.   Hence it follows

that z £ St (P* O D, g.) for some a e TU, ;), since B(k, j, D) = (J {P* p D |

a £ TU, /)}.   Clearly D £ S(a, *) and thus z £ D n St (P* n D, g.) C 0(D, a)

since B(*. /, D)~ Ç D.   Hence B(A, /, D)~ Ç W(k, j, D).  Next we show that

W(k, j, D) n WU, /, D*) = 0   for D, D* £ 2) and D 4 D*.   Suppose z £ W(k\ j, D)

O W(ü¡, /, D*) for some D, D* e 3) and D 4 D*.   So there exist a, and ß £ TU, ;)

such that z £ 0(D, a.) and z £ 0(D*, ß).  Let a* and ß* be the first members

of V(k, j) such that D e 3)(a*, k) and D* £ 3)(/3*, &) respectively.  Since

P\C\D4 0 and P^ OD*^ 0 we have that D £ 3)(a, k) and D* £ 3)(j8, k).  Thus

a* and ß* both exist.  Recall that W(k, j, D) Ç 0(D), W(k, j, D*) Ç 0(D*) and by

by condition (c) above 0(D) n 0(D*) = 0 if a*= ß*.  Thus a* < ß* or j8*< a*.

It suffices to assume a* < j8*.   Note that St (D*, gy) D St (P* O P*, gy) 2

0(D*, j8) and St (P* , gy) 2 St (P* n D, gy) 20(D, a).   Thus it follows that

D* £ aXa, A)   since z e 0(D, a)  n 0(D*! /3) and since St (P*, gy) n St (D'f gy)

= 0 if D' / 3)(a, *).   Since D and D* £ 3)(a, *) and a*</3*  then D e 3).(a, ä),

D* £ 3)  (a, ¿) and i < 222.   So by definition 0(D, a) C 0(D) - 0(D*) and
7H J —

0(D*) 2 0(D*, ß) contradicting the assumption that z £ 0(D, a.) O 0(D*, ß).

Thus it follows that W(k, j, D) O W(k, j, D*) = 0 whenever D ^ D*.

Now recall that B(k, j, D)~ Ç D tot each D £ 3).   Thus {B(¿. ;', D)" | D £ 3){

is a discrete collection and since X is normal there exists a discrete collection

{V(k, j, D) I D £ 3)1 of open sets such that BU, ;, D)~ Ç V(k. j. D) Ç W(k, j, D).

Let ÖU. ;) = MA, /. D)\ D e 3)\ and let C = (J^i U°°=i C(*. /)•  Clearly C
is the desired collection.

Finally we prove Theorem 1.3.

Proof of Theorem 1.3,  In [7] Filippov constructed a p-sequence {K   | n e N\

fot a paracompact p-space X satisfying the condition that O^-i St (d, ^n)ßX =

il °°_i St (C, K ) C X for each compact subset C óf X.   Thus by Lemma 5.1, a

paracompact p-space has a refining sequence mod k.

Conversely assume X is a T2 space with a refining sequence {g | n £ N\ mod k.

Then by Theorem 4.2 X is normal and hence by Lemma 5.1 is a p-space.

Let 11 be any open cover of X,  Since X is subparacompact by Theorem 3.2,

there exists a o*-discrete closed refinement 3) =[l°° , Ju    for X.   Thus for each
-^ n— 1     22

n £ /V by Lemma 5.2 there exists a ff-discrete collection Cn = U°/=i U~=i ^„^' Ù

of open sets such that for each B (k, j, D) there exists V (k, j, D) e L (k, j)* 22      ' 22      ' 22      '

with Bn(k, j, D) Ç Vn(k. j, D) where Bn(k, j, D) = \J{PkaDD\D e 2)J.  Let

x £ X; then there exists k, n £ N, D £ 3¡n and a £ T such that x £ D O P*
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hence x e Bn(A, /, D).   Thus {Bjik, j, D)\ D e §n, n, A and /' € N\ covers X.

For each 72 and each D e 3)    let U(D) be a fixed member of 11 such that

D Ç (7(D).   Then let U¿k, j, D) = (7(D) O V Jjk, j, D) tot each A and / e Af.

Clearly Ujji, /, D) 2 B„(A, /. D).  So

11*= U   Ü   U \U(k, j, D)\D e $\
71 = 1  ¿=1  7 = 1

is an open refinement of 11 and moreover Wn(k, j, D)\ D e 3)^1 is discrete since

Ln(A, /) is discrete.   Thus it follows that 11   is an open o--discrete refinement

of U.   Hence X is paracompact and the proof is complete.

In conclusion it is observed that if X is a preimage of a metric space under

a perfect map then it is fairly obvious that X has a refining sequence mod A.

However, it is not at all obvious that if X is a space with a refining sequence

[g„ I « e NI mod A then it is a perfect preimage of a metric space.  The problem

is that }P   I x e X| need not partition the space X.  Moreover if {g   \ n e N\ is

refined in some way to make the resulting \P   \ x e X\ partition X, as can be

done in subparacompact spaces, the new sequence need not be a refining sequence

mod A.

BIBLIOGRAPHY

1. P. S. Aleksandrov, On some results concerning topological spaces and their contin-

uous mappings, General Topology and its Relations to Modern Analysis and Algebra

(Proc. Sympos., Prague, 1961), Academic Press, New York; Publ. House Czech. Acad. Sei.

Prague, 1962, pp. 41-54.    MR 26 #3003.

2. A. V. Arhangel skil, On a class of spaces containing all metric and all locally

bicompact spaces, Dokl. Akad. Nauk SSSR 151 (1963), 751-754 = Soviet Math. Dokl. 4

(1963), 1051-1055.    MR 27 #2959.

3.  -,  Bicompact sets and the topology of spaces, Trudy Moskov Mat. Obsc.

13 (1965), 3-55 = Trans. Moscow Math. Soc. 1965, 1-62.    MR 33 #3251.

4. -, On a class of spaces containing all metric spaces and all locally com-

pact spaces, Mat. Sb. 67 (109) (1965), 55—88; English transi., Amer. Math. Soc. Transi.

(2) 92 (1970), 1-39.   MR 32 #8299; 42 #3.

5.   -, Mappings and spaces, Uspehi Mat. Nauk 21 (1966), no. 4(130), 133—

184 = Russian Math. Surveys 21 (1966), no. 4, 115-162.    MR 37 #3534.

6. D. K. Burke, On subparacompact spaces, Proc. Amer. Math. Soc. 23(1969), 655—

663.   MR 40 #3508.

7. V. V. Filippov, On the perfect image of a paracompact p-space, Dokl. Akad. Nauk

SSSR 176 (1967), 533-535 = Soviet Math. Dokl. 8 (1967), 1151-1153.   MR 36 #5903.

8. J. L. Kelley,  General topology, Van Nostrand, Princeton, N. J., 1955.    MR 16, 1136.

9. K. Morita, Products of normal spaces with metric spaces. Math. Ann. 154(1964),

365-382.    MR 29 #2773.

10.  -, Some properties ofM-spaces, Proc. Japan Acad. 43 (1967), 869—872.

MR 37 #3517.

DEPARTMENT OF MATHEMATICS, SAM HOUSTON STATE UNIVERSITY, HUNTSVILLE, TEXAS

77340


