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AN INTERNAL CHARACTERIZATION OF
PARACOMPACT »-SPACES
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R. A, STOLTENBERG()

ABSTRACT., The purpose of this paper is to characterize paracompact
p-spaces in terms of spaces with refining sequences mod k. A space X has a
refining sequence mod k if there exists a sequence {g I n € N} of open cov-
ers for X such that ﬂ°° St(C ) = é is compact for each compact subset
C of X and {St(C, g) | n € N} is a neighborhood base for PC' If Pl =C
for each compact subset C of X then X is metrizable. On the other hand if
we restrict the set C to the family of finite subsets of X in the above defini-
tion then we have a characterization for strict p-spaces. Moreover, in this case,
if P = C for all such sets then X is developable. Thus the concept of a
reﬁrung sequence mod k is natural and it is helpful in understanding para-
compact p-spaces.

1. Introduction. In 1963 Arhangel’skii (see [2] and [4]) introduced the con-
cept of a p-space. He defined a completely regular space X to be a p-space if

there exists a sequence {}(n| n € N} of open collections in the Stone-Cech com-
pactification of X such that X covers X for each n € N and such that, for each
xeX N2, Slx, K ) C X where Sdx, { ) =UiH|x e H and He } }. A
sequence {J‘(n | » € N} of open collections in the Stone-Cech compactification of
X is called a p-sequence if it satisfies the above conditions. Arhangel’skii
characterized the class of perfect preimages of metric spaces to be the class of
paracompact p-spaces which answered a question of Aleksandrov in [1].

There is another class of spaces that is related to the class of p-spaces under
certain restrictions and that is the class of M-space. Morita [9] introduced the
concept of an M-space in 1964. A topological space is an M-space if there exists
a normal sequence {‘Uil i € N} of open covers of X satisfying the condition (M):
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If {Kili € N} is a sequence of nonempty subsets of X such that

o™ K, CKy K CSt (xOLUi) for each i € N and for some fixed point

00
x5 € X, then () K7 # 2.

i=1

A sequence of covers ﬂl | i € N} is a normal sequence if and only if 1] 41 star
refines ‘ul for each i, that is, for each U € 1] 41 there exists V € cU such that
Se (U, U, +1) C V. Morita proved in [10] that the class of quasi perfect preimages
of metric spaces is precisely the class of M-spaces. A map f from a space X onto
a space Y is quasi perfect if and only if it is closed continuous map such that
f~ l(y) is countably compact for each y € Y. Thus a relationship between M-spaces
and p-spaces is established.

1.1 Theorem. If X is a completely regular metacompact space then X is
an M-space if and only if it is a paracompact p-space.

There is yet another approach to the concept of a paracompact p-space and it
involves a property related to the concept of a development for a space, It is
well known that a topological space X is developable if and only if there exists
a sequence {Q | » € N} of open covers of X such that for each open set U in
X and for each x € U there'exists n € N such that St(x,Q )=Ulic 69 | x eGICU.
The sequence {Q"| n € N} of open covers of X is called a development
for X, If the concept of a development is strengthened by replacing the point x
in the definition with a compact set C one obtains Arhangel’skii’s definition in
[3] of a k-refining sequence, that is, a sequence of open covers {Qn| n e N} is
said to be a k-refining sequence if and only if for each compact set C contained
in X and each open subset U of X containing C, there exists # € N such that
SdC, Qn) C U. Arhangel’skil proved in [3] that spaces with this property are
metrizable, that is:

1.2 Theorem. A regular topological space is metrizable if and only if it bas
a k-refining sequence.

A concept is now introduced which is a natural generalization of the concept
of a k-refining sequence and which will characterize paracompact p-spaces.
1.3 Definition.(?) A topological space X is said to have a refining sequence

(2) For T, spaces it suffices to assume that {St (C, § )I n € N} is a neighborhood base
for P Therefore in view of Lemma 2.1 we have that {Q I ne€N}isa refining sequence
mod Ic iff {St(C, § )l n € N} is a k-sequence for each compact subset C of X. The
definition of Io-sequence is given by E. Michael in 4 quintuple quotient quest, General
Topology and Appl. 2(1972), 91138,



A CHARACTERIZATION OF PARACOMPACT p-SPACES 251

mod k if and only if there exists a sequence {Qn| n € N} of open covers such
that for each compact subset C of X the following hold:

(a) ﬂ _y Se(C, Q )= PC is compact.

(b) The collection {St(C), § )~ | » € N} is neighborhood base for PC.

The term tefining sequence mod k& seems to be appropriate in light of the
foregoing discussion and in view of the main result in this paper.

1.3 Theorem. A Hausdorff topological space X is a paracompact p-space if
and only if it has a refining sequence mod k.

Thus it is established that the class of perfect preimages of metric spaces,
the class of metacompact M-spaces, the class of paracompact p-spaces and the
class of spaces with refining sequences mod k are all the same. Moreover, be-
cause of the correlation between Theorems 1.2 and 1.3 the position in which para-
compact p-spaces lie is a little more apparent,

In §2 the basic properties of spaces with refining sequences mod & are
studied, and the other three sections depend on this section. In addition $4
depends on the results in §3 and §5 depends on both $53 and 4, However, if one
wants to assume the results in §3 to be true, $4 can be read without reading $3.
Similarly §5 can be read without reading $§3 and 4.

Throughout this paper it will be assumed that all spaces are Hausdorff, The
letter N will denote the set of natural numbers and 8X will denote the Stone-Cech
compactification of a completely regular space X. If A is a subset of X then
A~ will denote the closure of A in X and AB x Will denote the closure of A in
BX in those cases where BX is involved. A base for the neighborbood system of
the set A is defined to be any collection of open sets with the property that if
V is an open set containing A, then there exists U € U with ACUCV. If X
is a topological space with a refmmg sequence {Q | 2 € N} mod & then for any
compact subset CC X let P{ = ﬂ°° 18t (G 8), and by induction let P&+ =

1St (PC' Q ). In case C = {x} for some x € X let Pt }—P" for each ke N.

An attempt has been made to use standard notation and terminology. The

principal reference used in this connection is [8].

2, General properties of spaces with refining sequence mod k. The properties
developed in this section are basic to the study of spaces with refining sequences
mod k. The notation and terminology introduced here will be used throughout the
rest of this paper.

2.1 Lemma. If X is a space with a refining sequence {Q | » € N} mod &
then there exists a refining sequence {}( | » € N} mod k for X such that }(

+1
refines H for each n € N.
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Proof. Let X, =G, X,-6,nG,, X,-8,n§,nG,,.... X -
T N7, ;> ++++ We show that {{_| n € N} is the desired sequcnce. Clearly KX, )1
refines }( for each n. Let C be a compact subset of X and let x € P where PC_
ﬂ St(C 9) thenxéSt(CQ)foreachneN Thusn St(x,g)nc;ég,

for 1f n i=15t (x,Q) NC=g then ﬂ 1 St Q)'OC ;zi and thus there is
keN such that n" . St (x,g) NC= ¢ Clearly n" St (:c,Q)DPl and is
an open set. So thete exists 7 € N such that P1 CSt (x, Q )C n,=1 St (x, 6);
but

g4z, §) N ccn se(x, §) n ccn st(x, §)~ N,

i=1 i=1

a contradiction. Let y € ﬂ ', St (x, Q ) NC. Then for each i < k there is
G, € G, such that x andye G,. Sox andyenl 1 G, e](k, that is
St(x,}( YNC # @ for any IeeN SoxeSt(C }()foreachleeN or X €
ng lSt (C, X,) and it follows that P CT_, St (. H,). Clearly

ns:(cH)cn&(cg)-

k=1 n=1
So PL =N St(C, X ). Since

PlLcse(c, X)) cse(c, )~ cse(c, §)-

it follows that {St (C, }( o) | » € N} is a neighborhood base for P and thus that
l}( |neN}isa refmmg sequence mod k for X.

From now on we will assume that a refining sequence {Q"| n € N} mod k has
the property that Q" 41 refines Qn for each n € N.

2.2 Lemma. If X is a space with a refining sequence mod k then X is a
regular space.

Proof. Let {Q | 7 € N} be a refining sequence mod k for X; let x € X and
let B be a closed set such that x ¢ B. Recall that Pl n” St (x, g ) is
compact, So there exist disjoint open sets U and V such that xel, V 2Bn
P: since X is T,. Also there exists n € N such that St (x, Q )"NB-V=g
since P CX-(B-V) and X~ (B -V) is an open set. LetG be any member
of Q such that x € G and let O =G NU. Now O is an open neighborhood of
x and O~ CSt(x,g )" NU~., So 0" N B=g and thus X is regular.

2.3 Lemma. Let X be a topological space with a refining sequence
{Q | » € Nimod k and let C be any compact subset of X. If {x, |n e N}isa
sequence of pomts in X such that x_ € St (c, 9 ) for each n € N then
{x,| n e N} uPc is compact. Moreover every cluster point of the sequence
{x | n € N} is in PC'
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Proof. Suppose A C{x | n € N} UP and that A has no limit points. Then
A nPC is a finite set since Pc is compact, Also A - PC is closed since A

has no limit points. Thus X - (4 - PC) is an open set in X containing P and
so there exists n € N such that St (C, Q )CX-(A-PL c) Thus

A-PLCX-8(C,§)CX-1x]k>n ke N

So A - Pé Clix, | k <n} and hence A is a finite set. Therefore {x, | k € N}u Pé
is compact.

If x is a cluster point of {x, | k € N} then x € [St (C, § )] for each n.
Thus x € a1 [St(C, G )1 = Pc and this completes the proof.

2.4 Lemma. Let X be a topological space with a refining sequence {8 n € N}mod &,
let C be a compact subset of X and let lxn| n € N} be a sequence in X such
that x_ € St (C, Q ) for each n € N. If y, € St({x,| i € N, i > k7, Qk) for
each k € N then (ly | k € N}~ is compact and every cluster point of the
sequence {y, | k € N} is in UlP | x is a cluster point of {x,| n € N}}.

The proof of the above lemma is similar to the proof of Lemma 2.3 and is
omitted.

2.5 Lemma. Let {Q"| n € N} be a refining sequence mod k for X and let
C be a compact subset of X. Then PL = U{P:l z €C}.

Proof. For each n,

se(C,§)=UlGe G |6ncéa=Ulse(z 8)lze Cl2 Utrllz e cl.

Thus P 2{Pl|z e Cl.

Conversely, suppose x € PC then for each n € N there exists x, € C such
that x € St(x g ). Thus x, € St(x,g ) for each n € N and thus lx | n € N}
has a cluster pomt y in Pl Now recall that x € C for each n; so y € C.
Moreovet if y € P it follows that x € Pl andso x € U {P | z € C}. Thus

U{P |z € C }

Recall that in the introduction we let P = n‘” 1 St (x, Q ), P2

n“l St (P g ) and so on. It follows from Lemma 2.5 that P:

UPllwe P"‘l! for k> 2, Thus for each k> 2 z € P* if and only if there
exists a finite sequence Zgs Zyseees 2y such that Zy=%, z| € P o z, € Pl

1
seey 2z, € sz 1 and zZ, =2z

2.6 Lemma. For each x € X let P:’: n:=1 P%. Then {P:’I x € X} partition X.

Proof, Suppose x, y € X and P:’nP;’;é @. Let z € P:’nP:’. Then z € P:,
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andzeP’" for some k& and m € N. Now P;""’l U{P [weP’"} So
P CP"""I. PZCP”“'Z,-.-,P'CP’""",---. IfweP thenweP" for some

n € N and there exist Wy seer W, such that w; . € Pwi for i=0,1,2, ...,
n-1 where wy=x and w, =w. Also there exist z(, z;, +++, 2, such that

41 € P for i=0,1,2, <<+, n where z =z, and x = z,. Hence it follows
that w € P:”‘ [« P;”"”' ¢ P;’. Thus P, C P;’. By a similar argument it
can be shown that P% C P2 apd thus the lemma follows.

Let I" be the first ordinal number whose cardinal number equals

card ({P]| x € X}). Toeach a€T assign an element x, in X such that P"" P2
whenever a # 8. To simplify notation we let P = P:’ and P% - P" For
k € N throughout the remaining part of this paper. *

2.7 Lemma. If {Q | n € N} is a refining sequence mod k for X, tben for
each x € X and each n € N there is a neighborbood U of x such that P C
St (x, §) for each z € U ﬁPl

Proof. Suppose the lemma is false; then for each neighborhood U of x there
exists z;; € U ﬁP such that P_ 1 - St (x, Q )£ & for some fixed n € N. Let

Yy € Pl - St (x, Q ); then {yUI U is a neighborhood of x} is a net contained
in U{le z€ Px}. By Lemma 2.5

]
UiPlze Pl}i=P]-= "_ls:(P » 8,
Thus the net {y, | U is a neighborhood of x} has a cluster point y in P: since
P: is compact and so there is a subnet {yua | a€ D} of {y, | U is a neighbor-
hood of x} which converges to y. Since z; € U for each neighborhood of x it
follows that {z; |U is a neighborhood of x} converges to x and thus its subnet
{zu | a € D} converges to x.
*Observe that x d Pl' If x e Pl then y € P and thus St (x,g ) isa

neighborhood of y. So there exists a. € D such that yy € Stlx, Q ) contrary

to the assumption that Yy, € Plu — St (x, Q ). *
Recall that Pl is compact thus

n ({zua|az/3§)‘ NPl=ixinPl-g

implies there exists B, B, «++, B, for which n;-l ({zu la>Brae D)™
hPl @. Let B € D such that $> B, foreach i=1,2, *veas k; then

k

N ({xu la>B, ae D})D{zu |a>pB, a e D}

i=1

and so ({zu la>B,ae D)™ N P; = @. Hence there exists j € N such that
a
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St(y,g)CX-({zu | a>B,ae D), tha isSt(y,Q.)n({zUa| a>B,ae D) =g

But {zu |la>B, ae D}CPl by construction. So {z, |a._>_/3, aeD} isa

compact subset of P! 4+ Moreover

kn St(({zu la>B, ae D, 5)=Uir] Wl € (!zu la>B, a e D)}
=1

) (U{qu la>B, ae D>- D) (iyzu la>B, a e D)~ 2iyk

a

Thus y € St (({z; | 2> B, ae DY7, gl.), a contradiction, Thus our original
assumption must be false and the conclusion of the lemma follows.

2.8 Lemma, If !Q | » € N} is a refining sequence mod k for X and if
Q ={St (x, § D x e X} for each n € N, then {92| n € N} is a refining sequence
mod k and moreover ﬂ 1 St (c, Qz) = P for each compact subset C of X.

Proof. Recall that P2 = UtP!| z € Cl. Clearly
st(C, 82 = U lse(z, §)Ise(z, 8) n C £ 81=U stz §)lz € se(C, )}
p) U{P‘ﬂz € Pél: Pé for each n

and so n 1 Se(C, gz)- p) Pé. We now show that n‘::l Se (C, Qj)‘ C Pé. Let
z€ ﬂ 1 5t(C, 82" and let U be an arbitrary closed neighborhood of z. Since
z €St (C gz) it follows that St (C, gz)n U# & foreach n € N; let z €

St (C, 92) N U. So there exists x, € X such that z € St (x, Q ) and

St (x,, Q )NC# @ Thus x, € St (C, Q ) foreach n andthus {x | » € N} UPé
is compact by Lemma 2.3; moreover every cluster point of {x | 7 € N} is in p! c
Thus by Lemma 2.4 {z | & € N} has a cluster point w in n 1 St (P 9 )= P2,
Clearly w € U since U is closed and U D{z, | k € N} and hence z€ PC since
U was an arbitrary closed neighborhood of z. Thus

N se(c, §)-cPlc N si(c, 8D
n=1 n=1

and so it follows that

n st(C, 8D~ =Pl = St(C 8.

n=1
It remains to show that {se (C, gz)- | 7 € N} is a base for the neighborhood
system of PC. Since Pc is compact and X is regular it suffices to show that
{se (C, Qz)l n € N} is a base for the neighborhood system of PC' Let U be an
open neighborhood of P2, If st (c, Qz) EZ U for any n € N then there exists
z, €St <, Q )~ U for each n € N. It can be shown in precisely the same way
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as was done above that the sequence {z_| n € N} has a cluster poiat in Pé
contrary to the assumption that z ¢ U for any n € N. So there must exist n € N
such thae St (C, § ) C U and this completes the proof of the lemma,

Finally we prove a result which is fundamental in proof that a space with a
refining sequence mod k is normal and in the proof that it is paracompace,

2.9 Lemma. If X is a space with a refining sequence {§"| n € Nl mod &
and if D is a closed discrete collection in X, then for each x € X and k € N
there exist n(x, k) € N and a finite subset Vx, k) of D such that
St (P%, e a) NSt EE G (1) =B where EX-UID|D e D-Dix, A

Proof. Suppose the lemma is false, Then for some x € X and some k € N
there exists a sequence {D |7 € N}C D such that D £ D, for i #j and
St (P%, Q)n&(v Q),ég Let x, € bt(P" 91)” S (D, Q) then by Lemma 2.3 C =
{x,l i€ N} U Ple is compact where I"”“’1 = n:_ St (P Q ). Moreover
s, 5)nD, ;ég forany j € N. Let z. € D, NSt (C, g ); thenbyLemmaZ?a
tz;]je N}U Pl is compact where P =N, se(c§, ) Hence iz | j € N}
has a cluster point; but z, € D, z, ¢ D, for i#j and {D | j € N} is discrete,
a contradiction. Thus the conclusion of the lemma follows.

3. A space with a refining sequence of covers mod £ is subparacompact.
In [6] Burke gives a number of equivalent conditions each of which characterizes
subparacompactness. In the present situation only the characterization in terms
of o-discrete refinements is needed.

3.1 Definition. A space X is subparacompact if and only if every open cover
for X has a o-discrete closed refinement.

The following proposition gives a condition which is fairly obviously equiva-
lent to Definition 2.1 and the proof is omitted.

3.2 Proposition. Let X be a regular topological space. For any open cover
U of X let U* be the collection of all countable unions of members of U. Then
X is subparacompact if and only if U* bas a closed odiscrete refinement for an
arbitrary open cover U of X.

3.3 Theorem. Every T, topological space with a refining sequence mod k
is subparacompact.

Proof. Let X be a topological space with a refining sequence {§_| 7 € N} mod b
For each n, k € N and each x € X let V:(x) =X - Ufst (y, Qk)l x ¢ Stly, Q")}
and let V_(x) = U°° Vk(x) Observe:

v (x)CSt(x,Q ) for each x € X and each n € N.

Proof Let ze V (x) then there exists k; € N such that z € V o(x) and
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thus z ¢ St (y, Qko) whenever x ¢ St (y, Qn). Clearly z € St (z, gho); thus
x € St (z, Qn) and z € St (x, Q"). Hence V_(x) C St (x, Qn).

(2) The set V"(x) is an open neighborhood of x for each n.

Proof. Clearly x € V (x) for each n € N. Let z € V_(x); then there exists
ky € N such that z € V:o(x). By Lemma 2.7 there exists a neighborhood U of z
such that if w e U N P:, then P; C St (2, gko)' Since X is regular we may
choose U to be a closed neighborhood of z. Suppose

z e (Ulstly, Glx ¢ el §)1)”

for each k € N. Then we may choose a point

5 € Unsilz 8 n (Ulsely, §lx /sy, §,))

for each k € N. Thus there is y, € X such that z, € St (y,, Qk) and

xd Sely,, @n) for each k € N. Now z, € St (z, §,) and Y €

St (l{z;| i € N, i > &}17, G,) for each k € N. Hence by the first part of Lemma
2.4 (Iy, | k € N is compact. Let y be a cluster point of {y, | k € N} then by
the second part of Lemma 2.4 y is in P:’ where w is a cluster point of

{z;| i € N}. By Lemma 2.3 w € Pi and because z; € U for each i and U is
closed, w € U. Hence it follows that y € P :j st (G, 0) by the choice of U.
Thus there is k € N such that y p €St (z, Qk ) since y is a cluster point of
{y,| & € N}. Recall that x ¢ St (y,, gn) and that z € V:o(x); thus z ¢ Se(y,, gko)
and hence y, ¢ St(z, Qk ), a contradiction. Hence there exists k € N such

that z ¢ (U {St (y, Qk)| x ¢ Stly, Qn)i)' and so

z€ X~ (U {se(y, Glx &St(y, Qn)i)- Q;V:(x) CV, (2.

Thus it follows that V_(x) is an open set.

Let < be a well order relation on X and let Vﬁ(x)*= V:(x)- Utv, )|y <=}
If B: = {Vﬁ(x)*l x € X} then it is clear that 0: is a disjoint collection of closed sets
such that U;:gl Qﬁ covers X for each n € N, We show that C: is closure
preserving and hence discrete for each & and n € N. Let A C X and suppose
x € (UIVEG)*|y € AD™. Since P! is compact and St (x, 82 P’l‘ there are
Gyse+2G, €, suchthat x € G, fori=1,2,++.,p and Y%, G,2PL In
addition there is j > k such that St (x, Qi) cU?.; G,. Let w be the first
element in X such that x € V_(w). Then for each y € A, y <w there exists
z(y) € X such that x € St (z(y), Qj) and y ¢ St (2(y), § ). In particular note
that z(y) € St (x, gi) and thus z(y) € G, for some i=1,2, ..., p and for each
y € A where y <w. Let Wi=(UW:(y)*| y €A, y<w and z(y) € G )~ for
i=1,2,..c,p. Let Wy =(U {Yﬁ(y)*| y € A and y > w})”. Then
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b
(U VR ¥y € A!)' g:<U W,.> v Vi) *.
i=0

Thus x € Wi for some i =0,1,2,.c.,p or x € V:(w)* and w € A. Clearly
x ¢ W, since x is in the open set V"(w) and Vn(w) N (U{Vﬁ(y)*l y>wl) =62
If x € W, forsome i=1,2,...,p, then G, n (U W:(y)*| y €A, y<w, and
z(y) € G,)) # & sincex € G,. Let z€ G, N (U{V:(y)*l y€eA, y<w and
z(y) € G,}). Then there isy € A, y <w such that z € Vk(y)* and z(y) € G,.
Moreover z€G; so z € St(z(y), §,); but recall y ¢ St (z(y), G- Thus
zd V"(y) , a contradlcnon. So x ¢ W for i=0,1,2,..., p. Hence x € Vk(w)*
and w € A; therefore (U {Vk(y)*l y € A})’ U {V:(y)*| y € A} and hence
Ck is discrete,

Finally let U be any open cover for X and let U* be the set of all countable
unions of members of U. Then for each x € X there is U* € U* such that
P: C U* since P: is compact, By Lemma 2.8 there is » € N such that St (x, Q:)
=Ust(,8) | xe sy, G, )} C U*. Now there is k € N and y € X such that
x € V"(y)* but Vk(y) CSt (y, E‘;’ ) and St (y, Q ) C U* since x € St (y, Q ).
Thus x € Vk(y)*C U*. It follows that " k=1 Uzt U k(W) is a closed a-dxscrete
refinement of U* where ‘U"(CU) {V"(y)"t € G’“| V"(y)*C U* for some U* e U* for

each k and 7 € N}. Hence by Proposition 3.2 X is subparacompact.

4. A space with a refining sequence mod & is normal. In the proof that a
space with a refining sequence mod & is normal the fact that such a space is sub-
paracompact is needed and in addition the proof relies heavily on Lemma 2.9 and
the following lemma.

4.1 Lemma. Let A and B be a closed disjoint subsets of X. Then there
exists an open cover U for X such that if U € U and U NA £ @ then U"N B
orif UNB#£ & then U"N A=g.

Proof. For each x € A there exist open sets U_ and U(B) such that
x €U, BCU(B) and U, NU(B) = &. Similarly for each x € B there exist open
sets U, and U(A) suchthat x e U, AC U(A) and u.n U(A) = &. Let

U-{U |xe AUBlUIX-A4NnX-B}

If U el suchthat U NA#£Q then x € A and clearly U] N B = . Similarly
if U NB#Z then x € B and U, N A= g. Thus U is the desired open cover.

4.2 Theorem. A T, space X with a refining sequence mod k is normal.
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Proof. Let A and B be disjoint closed subsets of X and let U be an open
cover for X satisfying Lemma 4.1 relative to A and B. Since X is subparacom-
pact there exists a o-discrete closed refinement D= U:ﬂ fDn for U.

Let n be a fixed natural number and let A_ = A N (Uip|DeD L)) For
each D ¢ fD let U(D) € U such that D C U(D) By Lemmas 2.8 and 2 9 for each
xeX there exist »_ and a finite subset Dn, x) of fD such that St (x, 9 )ﬁ
St(E" @2 )=g where E” U{DlDefD - Dn, x)} If x € B let

W, =5t(x 8, ) - (ULUDID € Dn, ) and D 1 44 2)",

By Lemma 4.1 UD)" N B =g forany D € D suchthat DN A £ . Thus
(U{uD)| D € Dn, x) and DNA £ @)~ N B =g since n, x) is a finite set
and so W_ is an open neighborhood of x. Let W, = U{W_| x € B and n_=k}.
Clearly W, is an open set and U}_; W, 2 B. Moreover Wy N A =g for any

k € N. For suppose z € W, N A_; then there exists D, € 9n such that z € D,
Let G € §, suchthat z € G; then G NU(D,) NW, £ & since z € Wy. Let

y € GNUD,) NW,; then there exists x € B suchthat n_ =k andy e W_C

St (x, Q ) Hence it follows that z € St (x, Q ) So D, € D(n, x) since

St (x, §2 ) A St (D, 92 )=gifDed fD(n, o) and hence W_CX-UD,). But
y € U(D ’5n W.,a contradxctmn. Thus it follows that for any /e eEN, VWV, n A =9
Now1fx€A let U, _St(x,g )nU(D ) where D, e.D such that x € D,
Let U(m, n) = U{U | x€eA, and n, = m} clearly U(m, n) is an open set and
U, Um ) DA, M,oreover U(m, n)_ N B=g forany m € N. For suppose
z € U(m, )™ N B; then there exists G € Qm such that z2€ G and G NU(m, n)
# &; let y € G NU(m, n). Then there exists x € A, such that n_=m and

y €U _Cst(x, an). Thus it follows that z € St (x, Q:X). Note that if

s € Um, n) - (U{U(D)!D NAZZ and D € Nn, x)})-

then there exist w € A and D € @ such that n,=m we D NA and
seU, ~s:(w,§ ) ﬂU(D ). Thus since s € U(D ) and s ¢ U{U(D)l Dn
Alg and De 9(71, %)} it follows that D ¢ Dln, x) So

Um, 7 - (UIUDID 1 A4 2 and D e N, )
CUm, ) = J{UD)D N A% & and D € Nn, )}
= U{lew €A and n, =m}- J{UD)D N A# & and D € Nn, )}

c Uist(w, Qn Jwe DN A, De fD" -Dn, %) and n, =n, =m

x

c Utst(D, §2)|D e D, - Din, 0} =Se(EZ G2 ).
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Now recall that St (x, 8% ) NSt (E”, §2 ) = & and that
ny x’ Iny

(VDD n A% 5 and D e Nn, x);)' AB=g.

So that
0, =5t(x82) N (X= (UUD)ID N A4 g and D e D, D))

is an open neighborhood of z and 0, N U(m, n) = &, contradicting the assumption
that z € U(m, n)~ N B. Hence Ulm, n)™N B =& for any m € N, Finally for the
fixed natural number 7 let

00 n - 00 n -
U,=U |Umn)-| U W, and W,=U W, -:(U ui, | |
m=1 i=1 m=1 i=1
Since W, N A, =@ and U(i, n)~ N B =g for each i € N, it follows that
U,24, W 2B and U NW_ =g Soinparticular U NB = g.
Thus since n was an arbitrary member of N, it follows that we can construct
a sequence {U, | » € N}.of open sets such that U, DA and U, NB=g for
any n € N,
By a dual argument we can construct a sequence {V |7 € N} of open sets
suchthat V_ 2B =B N(UD|D e D P and V; NA=g foreach ne N.
Thus if we let

3] = )]
n=1 i=1 n=1 i=1

then U and V are open sets such that UDA, VDB and U NV = &. It follows
that X is a normal topological space.

S. The Proof of Theorem 1.3. Having established that a T, space X with a
refining sequence mod k is normal it is clear that X is a p-space. More precisely
we have

5.1 Lemma. If X is a T, space then the following are equivalent:

(a) X has a refining sequence mod k.

(b) X is a normal space with a p-sequence {}("l n € N} in BX such that
*® St (C, Rn)ﬁx = St (G, Hn) CX for each compact subset C of X.

ﬂ.l

The proof of this lemma is straightforward and is omitted.

In §2 we defined T to be the first ordinal number whose cardinal number is
the cardinal number of {P:"| x € X} and for each a € I' we assigned as element
%, in X such that x ¢ P:’ if a # B. We also defined Pt = P:a for each
keNand P, = P:’a. This terminology will be used below.
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If D is a discrete set in a space with a refining sequence {Q"I n € Nl mod &
then by Lemma 2.9 there exists n(a, k) € N and a finite subset D(a, k) of 9
such that St (P%, gn(a,k)) N St (E%, gn(a’k)) =& for each a € I' and each
k €N. Recall that EX = UID| D € D-Ma, k)}. Let Tk, j)=lae T| nla, k) =}
and let B(k, j, D)= U{PX ND| ae I'(k, )} for each D € 9. We then have:

5.2 Lemma. If X is a T, space with a refining sequence mod k and D is
a closed discrete collection of subsets of X, then there exists a 0-discrete col-
lection U = Ui U?:l C(k, j) of open subsets of X with the property that for
each B(k, j, D) (as defined above) there is V(k, j, D) € Clk, j) such that
B(k, j, D) C V(%, j, D).

Proof. Let I'(k, j) be defined as above and let a, be the first member of
T'(k, /). Since Da, &) is a finite collection of disjoint closed sets and X is
normal by Theorem 4.2, there exist open sets O(D) for each D € fD(ao, k) such
that D C O(D) and O(D) N O(D*) = & whenever D*£ D, D* and D € Da, k).
Assume for B> ay, B € I'(k, ;) that O(D) has been defined for each D € Da, k)
where a € Ik, /) and a<B. If D(B, &) -UU{D’'| D' € Da, k), a e I'(k,j) and
a <Bl=g then there is no problem. If this set is not empty let D be any mem-
ber of it and let O(D) be an open set such that

(a) 0(D) DD,

() 0(D)~ n (UID*| D* e D(a, k), a € T'(k, j) and a < B} = &,

(c) OD) NOD*) =& if D*£D and D*e DB, k) - UID'| D' € I(a, &),
ae 'k j) and a < B}.

By induction on the well ordering of I'(k, j) we define an open set O(D)
satisfying (a), (b), and (c) above for each D € D(a, k) and each a € I'(k, j).

Let a € I'(&, j); let a, be the first member of I'(k, ) such that Da, k) N
fD(al, k) £ & and let Da, k) N fD(a.l, k) =9 (a, k). Let a, be the first member
of ['(k, j) such that [Na, k) - Dla,, B)] N Da,, &) £ & and let D, (a, k) =
[Xa, &) - Da, s8] NDa,, k). Continue this process until Na, &) -

:."1 fDi(a, k) = . Note that this process must terminate after a finite number of
steps since Da, &) is finite and note that a;<a,<...<a . Foreach i and
each D € @i(a, k) let

oD, ) = [O(D) --(U {o(D")|D’ € D _(a, #) and m> it)‘] n se(P¢ N D, §).

Note that if m > i then a_ > a; and thus O(D')" N D € fDm(a, k) = & by condi-
tion (b) above. Thus

(UfO(D')ID' e (o, B), m> il)- N D

= Utao)|p' € D (a, B, m> N D=
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and so O(D, a) D St (P'; ND,§)ND. Foreach D € D, let W(k, j, D) =
U{oD, a)| ae I'k, ;) and P% N D # @} if there is some a € I'(%, j) such that
PX N D £ and let Wk, j, D) = & otherwise. Note that W(, j, D) CO(D) since
0(D, a) C O(D) for each a € I'(, j).

We show that B(k, j, D)™ C W(k, j, D): Let z € B(k, j, D)”; then z €
St (B(%, j, D), QJ) for otherwise St (z, 9 ) N B(%, j, D) = @. Hence it follows
that z € St (P N D, §) for some a € F(Ie i) since Bk, j, D)= U {P% nD|
a€ [k )} Clearly D € Na, k) and thus z € D NSt (P% N D, Qj) co(, a)
since B(k, j, D)~ CD. Hence B(k, j, D)~ CW(k, j, D). Next we show that
W(k, j, D) NW(k, j, D*) =& for D, D*€ D and D # D* Suppose z € W(k, j, D)
N W(k, j, D*) for some D, D* € D and D £ D* So there exist a, and B € I'(k, ;)
such that z € O(D, a) and z € O(D*, B). Let a* and B* be the first members
of I'(k, j) such that D € D(a™* k) and D¥*e fD(B*, k) respectively. Since
P’; ND#Z and P’lg ND*{ & we have that D € D(a, k) and- D* € D(B, k). Thus
a* and B* both exist. Recall that Wik, j, D) C O(D), W(k, j, D*) C O(D*) and by
by condition (c) above O(D) N O(D*) = & if a*= B Thus a*<B* or B*<a™
It suffices to assume a*< B* Note that St (D*, Q ) D St (PR nD*, Q )2
0(D*, B) and St (P, §) D se (P n D, §) 200D, "2). Thus it follows that
D* € Na, k) since z ¢ oD, a) N O(D* B) and since St (P% Q )N Se (D, Q )
=g if D' ¢ Da, k). Since D and D* € D(a, k) and a*< B then D€ Dfa, k),
D*e D _(a, k) and i <m. So by definition O(D, &) C O(D) - O(D*) and
o(D*) > o(D*, B) contradicting the assumption that z € 0(D, a) N o(D*, B).
Thus it follows that W(k, j, D) N W(k, j, D*) = & whenever D £ D*

Now recall that B(k, j, D)~ CD for each D € 9. Thus {B(k, j, D)~ | D € D}
is a discrete collection and since X is normal there exists a discrete collection
{V(k, j, D)| D € D} of open sets such that B(k, j, D)~ C V(k, j, D) C W(k, j, D).
Let O(k, /) = {V(k, j, D)| D € D} and lee O= Uy, US>, Ok, ). Clearly T
is the desired collection.

Finally we prove Theorem 1.3.

Proof of Theorem 1.3, In [7] Filippov constructed a p-sequence {}( | 7 € N}
for a paracompact p-space X satisfying the condition that n -1 5t (C X )'3 x=
n°° _q St (C, }( ) C X for each compact subset C of X. Thus by Lemma 5.1, a
paracompact p-space has a refining sequence mod &.

Conversely assume X is a T, space with a refining sequence {Q | » € N} mod k.
Then by Theorem 4.2 X is normal and hence by Lemma 5.1 is a p-space.

Let U be any open cover of X, Since X is subparacompact by Theorem 3.2,
mel fD for X. Thus for each
n € N by Lemma 5.2 there exists a o-discrete collecnon O U,e TUT 0 (&, )
of open sets such that for each B, (&, j, D) there exists V (k i»D) € d L 1)
with B (k »DCV, (k, j, D) where B (k i» D) = U{P" ﬂD|D efD }. Let
x €X; "then there exists k, n € N, D € fD and a € T such that x € D n Pk

there exists a o-discrete closed refinement 9 = U=
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hence x € B_(k, j, D). Thus {B_(k, j, D)|D € D_, n, k and j € N} covers X.

For each n and each D € 9 |, let U(D) be a fixed member of U such that
D CU(D). Then let U (k, j, D)= UD) NV (k, j, D) for each k and j € N.
Clearly U _(k, j, D)2 B_(k, j, D). So

o0 o0 00
UW=-U U Uy jDped}

n=1k=1j=1
is an open refinement of U and moreover {U n(k, i»D)|De ﬁ)"} is discrete since
en(k, i) is discrete. Thus it follows that U is an open o-discrete refinement
of U, Hence X is paracompact and the proof is complete,

In conclusion it is observed that if X is a preimage of a metric space under

a perfect map then it is fairly obvious that X has a refining sequence mod k.
However, it is not at all obvious that if X is a space with a refining sequence
{Qn | » € N} mod & then it is a perfect preimage of a metric space, The problem
is that {P il x € X} need not partition the space X. Moreover if {in n e N} is
refined in some way to make the resulting {Pil x € X} partition X, as can be

done in subparacompact spaces, the new sequence need not be a refining sequence
mod k.
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